Abstract. We study the following open question raised by Janakiraman in
Introduction
Denote by m the Lebesgue measure. Let M be the Hardy-Littlewood maximal operator defined by
m(B(x, r)) B(x,r)
|f (y)| dy (x ∈ R n ),
where B(x, r) is a (closed or open) ball centered at x with radius r. The maximal function theorem [4] reads that, for any f ∈ L 1 (R n ) and λ > 0,
where c 1 > 0 is independent of λ and f . See also [1, Theorem 2.2] for doubling metric measure spaces. The reverse to (1.1) also holds: for f ∈ L 1 (R n ) and λ > 0, there exist c,c > 0 independent of f and λ such that (1.2) m ({x ∈ R n : M (f )(x) > λ}) ≥ c λ {x∈R n :|f (x)|>λ/c} |f | dm.
The reader may find the sketched proof in [3, p. 43 ]. The formulae (1.1) and (1.2) give the upper and lower bounds of
Recently, Janakiraman [2] has obtained, among other things, the following interesting result about the limiting behavior of (1.3):
Janakiraman further guessed the following ( [2, p. 1947] ):
where χ A is the characteristic function for a measurable set A, that is, χ A (x) = 1 for x ∈ A, and χ A (x) = 0 otherwise. In this note, we will prove that the first equality in (A) is true; see Section 2. However, the other two inequalities are not true. Instead, the third equality in (A) is true under an additional assumption; see Theorem 3.1. For the second equality in (A), we give a counterexample; see Example 4.3. For this case, what we have obtained is that:
Finally, we discuss formula (1.4) for a general measure. We will give an example, showing that if the Lebesgue measure m is replaced by a doubling measure µ, then (1.4) fails; see Section 5.
Proof of the first equality in
, and by (1.1),
This completes the proof.
In the rest of this paper, we denote by {f > a} the set of all points x ∈ R n such that f (x) > a.
On the other hand, the inequality m({|f
Therefore, it follows from (2.6) that
Hence (2.4) follows by letting ε → 0 + .
By Propositions 2.1 and 2.2, it follows
This proves the first equality in (A).
3. The third equality in (A)
Hence, the Lebesgue measure of the set {x ∈ R n : M (|f | p )(x) > λ} is zero, and (3.1) immediately follows for λ ≥ 1.
. By the assumption, we see that m(A) > 0, and
Hence,
Noting that 0 < λ < 1, we conclude that
which combines with (3.2) to yield that
Combining this with (2.1), we obtain the desired proof.
Discussions for the second equality in (A)
is empty for p sufficiently large. Thus, we have
for any λ > 0. At this time, the second equality in (A) does hold. However, it is possible that |f | < 1 a.e., but f ∞ = 1. This situation is more awkward. As we will see, the limit in (4.1) may not exist. 1] and 0 < λ < 1. Clearly |f | < 1 a.e., and
Note that, by the Lebesgue differentiation theorem,
for almost all x ∈ R n as r → 0, and so, by definition,
A simple computation shows that lim p→∞ (1 − λ 1/p ) 1/p = 1, and so
Actually the reader may verify that, for this function f ,
where c 1 is the same as in (1.1) (independent of k).
Proof. We divide |f | into two parts: the "good" one, g := |f |χ {|f |≤kλ} , and the "bad" one, b := |f |χ {|f |>kλ} . Since |f | = g + b, we see that
by virtue of (1.1).
We are now in a position to prove (1.5) and (1.6), by using (4.3).
Proof of (1.5) and (1.6). Let 0 < λ < 1.
Therefore,
On the other hand, as |f | p ∈ L 1 (R n ), we apply (4.3) to |f | p , and obtain that, using the assumption that |f | ≤ 1 a.e.,
where q := p ln λ ln k+ln λ . This combines with (4.6) to yield that
Taking the lower and upper limits in (4.7), we obtain
Letting k → 1 − and changing q by p, we see that
Combining this with (4.5), we obtain (1.5) and (1.6).
The following example shows that the limit of m M (|f | p ) > λ 1/p as p → ∞ may not exist.
Example 4.3. Consider the function f given by
, and 0 < f < 1 a.e. and f ∞ = 1. For 0 < λ < 1, let
Note that
A similar computation for {q k } k≥1 shows that (4.9) lim
By (1.5) and (1.6), we see that the limit of m M (|f
There is a natural question: if the Lebesgue measure m is replaced by a more general measure µ, say a doubling measure, and R n replaced by a metric space X, does (1.4) still hold? The answer is negative. Here we give an example, showing that the limit of
exists as λ → 0 for a doubling metric measure space (X, µ), but does not equal f 1 .
Example 5.1. Let X = (0, ∞) with the Euclidean metric, and let µ be a measure determined by dµ = 1 {x>0} xdx. It is easy to see that
Thus, for any x 0 ∈ X and r > 0,
showing that (X, µ) defined as above is a doubling metric measure space. We claim that for f ∈ L 1 (X, µ),
Proof of the claim. For any ε > 0, there exists r ε > 0 such that
It follows from (5.1) that, for x 0 > R ε ,
For λ > 0, we divide the set E λ := {x ∈ X : M (f )(x) > λ} into three disjoint parts:
|f |dµ.
From this, we see that
showing that r is bounded from above by f 1 /2λ. Thus the set E 
Hence, using the fact that B(
Next we consider the set E 2 λ . By (5.4), we see that
It follows that
Combining (5.6) and (5.7), we obtain
In order to obtain the inverse inequality, we observe that for x 0 ∈ E 1 λ ∪ E by using the fact that x 0 > R ε > r ε . This implies that
Finally, letting λ → 0 in both (5.8) and (5.9) and noting that ε is arbitrary, we arrive at (5.3). This finishes the proof of our claim.
One may further consider the measure µ on R n where dµ = |x| α dx for α > 0. It can be proven that for suitable α > 0, the limit lim λ→0 λ µ ({x ∈ X : M (f )(x) > λ}) exists but does not equal f 1 for f ∈ L 1 (R n , µ). The reader may find examples for which even the above limit does not exist for doubling metric measure spaces.
